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Introduction
Let k be a field and K be an extension field of k. A field K is said to be rational over k if K is purely transcendental over k. A field K is said to be stably rational over k if the field K(t 1 , . . . , t n ) is rational over k for some algebraically independent elements t 1 , . . . , t n over K.
Let G be a finite group acting on the rational function field k(x g | g ∈ G) by k-automorphisms h(x g ) = x hg for any g, h ∈ G. We denote the fixed field k(x g | g ∈ G)
G by k(G). Emmy Noether [Noe13, Noe17] asked whether k(G) is rational (= purely transcendental) over k. This is called Noether's problem for G over k, and is related to the inverse Galois problem (see a survey paper of Swan [Swa83] for details). Let C n be the cyclic group of order n.
We define the following sets of primes: with #R = 17, #U = 18, #X = 30. The aim of this paper is to show the following theorem.
Theorem 1.1. Let p < 20000 be a prime. If (i) p ∈ R ∪ U ∪ X or (ii) under the GRH, the generalized Riemann hypothesis, p ∈ R ∪ U, then É(C p ) is not stably rational over É.
Noether's problem for abelian groups
We give a brief survey of Noether's problem for abelian groups. The reader is referred to Swan's survey papers [Swa81] and [Swa83] .
Theorem 2.1 (Fischer [Fis15] , see also Swan [Swa83, Theorem 6.1]). Let G be a finite abelian group with exponent e. Assume that (i) either char k = 0 or char k > 0 with char k | e, and (ii) k contains a primitive e-th root of unity. Then k(G) is rational over k.
Theorem 2.2 (Kuniyoshi [Kun54, Kun55, Kun56] ). Let G be a p-group and k be a field with char k = p > 0. Then k(G) is rational over k.
Masuda [Mas55, Mas68] gave an idea to use a technique of Galois descent to Noether's problem for cyclic groups C p of order p. Let ζ p be a p-th primitive root of unity, L = É(ζ p ) and π = Gal(L/É). Then, by Theorem 2.1, we have É(
Thus the field L(M) π may be regarded as the function field of some algebraic torus of dimension p − 1 (see e.g. [Vos98, Chapter 3]).
π is rational over É. In particular, É(C p ) is rational over É for p ≤ 11. 
Hence if the cyclotomic field É(ζ p−1 ) has class number one, then É(C p ) is rational over É. 
The converse of Theorem 2.6 does not hold for general k, see e.g. Theorem 2.10 below. 
Then the following conditions are equivalent:
Further suppose that m 0 > 0. Then the above conditions are equivalent to each of the following conditions: 
Theorem 2.8 (Endo and Miyata [EM73, Proposition 3.2]). Let p be an odd prime and k be a field with char
Then the following conditions are equivalent: 
Theorem 2.14 (Lenstra [Len74, Corollary 7.6], see also [Len80, Proposition 6]). Let k be a field which is finitely generated over its prime field. Let P k be the set of primes p for which k(C p ) is rational over k. Then P k has Dirichlet density 0 inside the set of all primes p. In particular,
where π(x) is the number of primes p ≤ x, and π * (x) is the number of primes p ≤ x for which É(C p ) is rational over É. 
However, even in the case k = É and p < 1000, there exist primes p (e.g. 59, 83, 107, 251, etc.) such that the rationality of É(C p ) over É is undetermined (see Theorem 1.1). Moreover, we do not know whether there exist infinitely many primes p such that É(C p ) is rational over É. This derives a motivation of this paper.
We finally remark that although (G) is rational over for any abelian group G by Theorem 2.1, Saltman [Sal84] gave a p-group G of order p 9 for which Noether's problem has a negative answer over using the unramified Brauer group B 0 (G). Indeed, one can see that B 0 (G) = 0 implies that (G) is not retract rational over , and hence not (stably) rational over . Appendix]). We will give all primes p < 20000 which satisfy Proposition 3.1 (i) (resp. (ii)) as in Table 1 (resp. Table 2) in Appendix (Section 5). Tables 1 and 2 agree with our computational result (cf. Section 4).
In general, we may have to check all intermediate fields É ⊂ F ⊂ É(ζ p−1 ) with degree 2 ≤ d ≤ ϕ(p − 1). However, fortunately, it turns out that for many cases, we can determine the rationality of É(C p ) by some intermediate field F of low degree d ≤ 8 (see Section 4).
We make an algorithm using the computer software PARI/GP [PARI2] for general d | p − 1. We can prove Theorem 1.1 by the following function NP(j,{GRH},{L}) of PARI/GP which may determine whether Noether's problem for C p j over É has a positive answer for the j-th prime p j unconditionally, i.e. without the GRH, if GRH = 0 (resp. under the GRH if GRH = 1). 
We further define the set of primes: 18979, 19139, 19219, 19447, 19507, 19577, 19843, 19973 We split the proof of Theorem 1.1 (p < 20000) into three parts:
We will treat the cases (i), (ii), (iii) in Subsections 3.1, 3.2, 3.3 respectively.
3.1. Case p ∈ S 0 ∪ S 1 .
When p j ∈ S 0 ∪ S 1 , we should take a suitable list L for the function NP(j,GRH,L). For p j ∈ S 0 (resp. p j ∈ S 1 ), we may take the following L in L 0 (resp. L 1 ) respectively: Let S 0,j (resp. S 1,j ) be the index set {j} of the set S 0 = {s j } (resp. S 1 ). For example, we take p j = 5987 ∈ S 0 with j = 783. Then NP(783,0) does not work well. However, NP(783,0, [20, 19] ) works. We may get the following in a few seconds. We can confirm Theorem 1.1 for p j ∈ S 0 (resp. p j ∈ S 1 ) unconditionally, i.e. without the GRH, (resp. under the GRH) using NP(j,GRH,L) with GRH = 0 (resp. GRH = 1) as follows.
gp > # timer = 1 (on) gp > allocatemem(2^4*10^8) ***
The computations of this paper were done on a machine with Intel Xeon E5-2687W (3.10 GHz, 64 GB RAM, Windows).
Case
When p j ∈ T 0 ∪ T 1 , because the computation of NP(j,GRH) may take more time and memory resources, we will do that by case-by-case analysis. We can confirm Theorem 1.1 for p j ∈ T 0 (resp. p j ∈ T 1 ) unconditionally (resp. under the GRH) using NP(j,GRH) with GRH = 0 (resp. GRH = 1) as follows. 
we just apply the function NP(j,GRH). Let U j (resp. X j , T 0,j , T 1,j ) be the index set {j} of U = {u j } (resp. X, T 0 , T 1 ). Then we can confirm Theorem 1.1 for p j ∈ U ∪ S 0 ∪ S 1 ∪ T 0 ∪ T 1 unconditionally (resp. under the GRH) when p j ∈ X (resp. p j ∈ X) using NP(j,GRH) with GRH = 0 (resp. GRH = 1). The following function NPs(s,e) performs it for each p s ≤ p j ≤ p e and it returns "?" (resp. "S0", "S1", "T0", "T1") when p j ∈ U (resp. S 0 , S 1 , T 0 , T 1 ). Proof of Theorem 1.1. Let p < 20000 be a prime. Theorem 1.1 follows from the result in Subsection 3.1 (resp. Subsection 3.2, Subsection 3.3) for p ∈ S 0 ∪ S 1 (resp. p ∈ T 0 ∪ T 1 , p ∈ U ∪ S 0 ∪ S 1 ∪ T 0 ∪ T 1 ).
Rsult of NP(j,
